Elliptic curves related to cyclic cubic extensions 
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Abstract. The aim of this paper is to study certain family of elliptic curves {Xh}h 
defined over a number field F arising from hyperplane sections of some cubic surface 
X/F associated to a cyclic cubic extension K/F. We show that each Xh admits a 
3-isogeny cj) over F and the dual Selmer group S^(X H /F) is bounded by a kind of 
unit/class groups attached to K/F. This is proven via certain rational function on the 
elliptic curve Xh with nice property. We also prove that the Shafarevich-Tate group 
IIl(X///Q)[</>] coincides with a class group of K as a special case. 



1. Introduction 

The principal objects we are going to investigate are defined as follows. Let K/F 
be a cyclic cubic extension over a number field F with Galois group G = (a) ~ Z/3Z, 
and let {1, a±, o^} be a -F-basis of K. Define a projective variety X in the projective 
space P 3 associated to the extension K/F with the -F-basis {1, a±, a 2 } of K by the 
homogeneous polynomial 

(1.1) f(x, y, z, w) := (x + ya,\ + za 2 )(x + yd{ + zoff^ix + yaf + za a 2 ) - w 3 

with coefficients in F, which is a singular cubic hypersurface and rational over K. The 
elliptic curves we consider are hyperplane sections {X n H}h of X where H/F varies 
through all hyperplanes in P 3 satisfying (X D H)(F) 7^ 0. We shall simply denote by 
Xh the section X D H. For such a cubic curve Xh/F we can prove (in Lemma [23]) 
that 

I Xh/F is birationally equivalent over F to P 1 if H/F is tangent to X, 
I Xh I ' F is an elliptic curve if H/F is not tangent to X, 

and it also turns out (in Proposition 12. 2p that there is a hyperplane Hq/F on which 
the point O := [1, 0, 0, 1] G X{F) lies such that the cubic curve Xh is isomorphic over 
F to Xh - Therefore we may assume O G H and fix O as a base point on Xh without 
loss of generality, namely the defining equation of H has the form a(x — w) +by+cz = 
with [a, 6, c] G ¥ 2 (Of) where Df is the ring of integers of F. 



Under the situation as above, our interest is the arithmetic nature of the elliptic 
curves {Xh}h and how that relates to the arithmetic of the cyclic cubic extension 
K/F. Main results are stated as follows. 



2 



Kozuma, Elliptic curves related to cyclic cubic extensions 



Theorem 1.1. For any cyclic cubic extension K/F with a fixed F -basis {1, ati, c^} 
of K and the Galois group Gdl(K/F) = (a), let XcP 3 be a cubic hypersurface over 
F defined by the polynomial (jl.ip . For a hyperplane H : a[x — w) + by + cz = in P 3 
with coefficients [a, b, c] 6 F 2 (Df) which is not tangent to X, there is an isomorphism 
$ : %h - > VV(X_h-) over F mapping O to [0, 1, 0] with an elliptic curve W(Xh) C P 2 
over F given by the Weierstrass form 

(1.2) y 2 + aS(X)xy-N K/F ( 7 (X H ))y = x 3 

where N K / F : K* — ► F* is the norm map and the constants 5(X) £ F*, 7(X#) £ K* 
are defined by determinants 
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Note that the isomorphism class of W(Xjy) is independent of the choice of the 
coordinate (a, b, c) G A 3 (Di?) and the generator a of Gal(i£/.F). 

We retain the notation, and assume H is not tangent to X. By the above theorem, 
there is the F-rational 3-torsion point (0, 0) on W(X#), thus the elliptic curve Xh/F 
always admits a 3-isogeny 4> '■ Xh — ► X# defined over i* 1 where Xh/F stands for the 
dual elliptic curve Xi//($ _1 (0, 0)). Let <p denote its dual isogeny. For any set S of 
finite primes of F, we denote by D* L s , C\l,s the group of S*-units and the 5-ideal class 
group of a finite extension L/F respectively (The precise definition will be given in 
§5§. We make the general notation: 



O : an equivalence class represented by fi, or an algebraic closure of O. 

(e) : a group generated by an element e. 

r[(p] : the kernel of a homomorphism <p : T — ► T'. 

Vp : the p-adic normalized valuation of a local field Lp. (i.e. Vp 

/i3(L) : the group of all cube roots of unity in a field L. 



As for the Selmer groups (Xh/F), S^(Xjj/Q), we have the following results. 
Theorem 1.2 (Partial result of Theorem 15.20 . 

dim Fs S®@k/F) < dim Fa N it^ s ,©^3(i ? )+dim F3 N Clg 8 , [3] -dim F3 N *£ {K *l? °^ 3 ' 

where nHk,S'> nC1^5'[3], Kg' are subgroups of D* K s>/&ks" ^K,S'[3>]i K* respec- 
tively, which are defined in ^3 The set S' is a subset of all finite primes 3>f of F, 
defined by 



s' -.= \pey 



p splits completely in K and 



3v p (a6(X)) <^(N K/F ( 7 (X„))) 



or i/p(N x/F (7(X ff ))) # (mod 3) 
Furthermore if C\k,S' is G-invariant then Xh(F)/4>(Xh(F)) > n!&k,S' © f-'siF)- 



As a special case, we can state more precise result. 
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Theorem 1.3. For a cyclic cubic field K/Q, let {1, a, a 2 } be a Q-basis of K that 
X is defined by the polynomial (jl.ip with. Here a £ K denotes a root of the generic 
polynomial Q(x;t) in for some t e Q. Xei if 6e the hyperplane z = 0. Assume 
t £ Z, ±N#/ F (a - a CT ) = t 2 + 3t + 9 Qf . Then S' = and 

dim F3 SW(X H /Q) = dim F3 S®0&/Q) = 1 + dim F3 N Clf [3], 
1 < rank z Xj/(Q) < 1 + 2dim F3 N Cl£[3]. 
Furthermore, we also assume that CIk is G-invariant. Then 

Xh(Q)/4(Xh(®)) ^ nUk =i Z/3Z, 
ni(X^/Q)[0] ~ N C1 A '[3]. 
ilere III stands for the Shafarevich-Tate group. 

The present paper is organized as follows. First, we will give basic properties of 
the cubic surface X/F and the family of its hyperplane sections in Using these 
properties and a generic polynomial for cyclic cubic extensions (in £J5|), we obtain a 
Weierstrass form of the cubic curve Xh in S3 We will discuss, in $4j descent theory 
for Xh via 3-isogeny, and give some relation between Selmer groups and unit/class 
groups in £j5j We also refer corollaries and remarks of the above theorems to the 
corresponding sections. 

2. First properties of X and its hyperplane sections 

Fix a cyclic cubic extension K over a number field F with Galois group G = 
(a) ~ Z/3Z, once and for all. For any F-basis {1, a±, 02} of K, let X/F be a cubic 
surface in P 3 defined by the polynomial (jl.ip . It is easy to verify that the cubic surface 
X/F has three singular points on the hyperplane uu = 0, and is birationally equivalent 
over K to the projective plane P 2 . 

Let £(X) be a set of all those hyperplanes {H} defined over F in P 3 which satisfy 
Xh(F) 7^ 0. From the definition, we observe the following. 

Lemma 2.1. The family C(X) is invariant under the change of F -basis of K. 

Proof. Since any basis transformation for a vector space is linear and defined over 
a ground field, the lemma follows immediately. □ 

From now on, we choose any .F-basis of K and fix it without loss of generality. 
From the definition of X, the affine piece X w ^q := X n {w 7^ 0} of the surface X has 
a structure of linear algebraic groups by a natural correspondence between the group 
of F-rational points X w ^q(F) = X(F) and the kernel of the norm map: 

X W ^ (F) Kev[K* N -^F*} 
[x, y, z, 1] 1 — ► x + ya\ + za2- 
The rational function x + yot\ + zct2 on X^o a ls° induces an isomorphism 

X^q(Of) Ker [D* K ^ D* F ] 
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if the set {1, a%, 02} forms an Di?-basis of Ok- For instance this holds for the case 
that the class number of the ground field F is equal to 1. Particularly in the case 
F = Q, we have X(Z) ~ 0* K /{±1} for an integral basis of K. Thus, in this case, 
we can regard the group of units D* K as the group of Z-valued points on the variety 
X. This identification is one of the reason why we adopt the algebraic variety X in 
view of the analogy between Mordell-Weil groups of elliptic curves and groups of units. 
Accordingly it might be of some interest to deduce the arithmetic of the elliptic curves 
{Xh}h from the cyclic cubic extension K/F, and that is exactly what we propose to 
carry out in the present paper. Note that the above isomorphism can be naturally 
generalized to the group X(Df,s) where Qf,S is a ring of S'-integers of F. We will see 
a considerable aspect of the function x + ya\ + za.2 in £}6j which is the most essential 
part of the paper to obtain an arithmetic relation between the section Xh / F and the 
ambient variety X/F reflecting the cyclic cubic extension K/F. 

For any point P G X w ^q(F), the left translation X w ^q(F) — > X w -lq{F) ; Q 
P ■ Q causes the faithful regular representation p of degree 3 and the canonical en- 
largement p 

p:X w ^{F) GL 3 (F) — » PGL 4 (F) 

*r> ~ ( p( o P) !) • 

The representation p induces a linear action of the group X w ^o(F) on the set X(F) 

X W ^ (F) x X(F) — > X(F) 
(P, [x, y, z, w\) 1 — > [x, y, z, w] ■ p(P). 

Note that X(F) is only a set, not a group. Thus each element in X w ^o(F) gives an 
isomorphism on X, and hence we obtain an action of X w -^o(F) on the family £(X) 
defined by P ■ Xh '■= X^pvm. This action makes matter somewhat simple as follows. 

Proposition 2.2. For arbitrary hyperplane H G C(X), there is a hyperplane Hq G 
C(X) on which the point O lies so as to be Xh — Xh over F. 

Proof. This is almost clear. For any H £ C(X) with a F-rational point P £ 
Xh(F) C X w ^o(F), the hyperplane Hq := p(P^ 1 )(H) satisfies the property of the 
statement. □ 

By Proposition 12.21 the study of the cubic curves {Xh}h where H/F varies 
through £(X) is reduced to the family of curves Xh which possess the point O G H. 
We shall denote by C{0) the set of all hyperplanes in P 3 defined over F on which the 
point O lies. The following lemma gives a criterion for Xh being an elliptic curve. 

Lemma 2.3. The following conditions are equivalent for any H/F G £(X). 

o The cubic curve Xh/F is singular. 

o The hyperplane H/F is tangent to the surface X/F. 

Under these conditions, the cubic curve Xh/F is birational over F to the projective 
line. 
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Proof. Since a linear transformation sends a tangent plane to a tangent plane, it 
suffices to prove the lemma for any hyperplane H G £(0). We first show that the 
points on Xh n {w = 0} are non-singular. Let i(x, y, z, w) be the rational function 
x + ya\ + zct2 G if pCff]. The defining equation of Xh is written by 

Ih(x, y, z, w) := l(x, y, z, w) t a (x, y, z, w) i a (x, y, z, w) — w 3 mod a(x — w) + by + cz. 
It is easily verified that the unique zero of the function l on Xh is 
(2.1) O' := [cai — ba2, aa^ — c, —aa\ + b, 0] 

and hence the set Xh n {w = 0} consists of three points {O' , ,a , C " 2 }. Thus we 
have 

Here the partial derivatives are given by 

dx y ' )o if 6 = 0, dx K ' )o ifc = 0. 

Using this yields the non-singularity of the point O' on Xh- Acting the Galois group 
G&\(K/F) = (a) yields non-singularity of the points O" 7 and O" 7 at once. 

Now we consider the affine piece Xh H {w ^ 0}. Since the Jacobian matrix for 
Xh at a point P may be written by 

j p= (U(P) %iP) 
\ a b c 

the point P £ Xh is singular if and only if there is some constant A G F(P)* satisfying 

This implies the first equivalence. □ 

Recall we have fixed the point O as a base point of the cubic curve Xh- In the 
proof of Lemma 12.31 we observe 

X H n {w = 0} = {£>', O" 7 , O" 72 } where O' is the point (|2Tj) . 
We end this section with the following fact. 

Lemma 2.4. Assume H G £{0) is not tangent to X. Then 30' G Xh(F)- More- 
over O" 7 - O' = -{0 ,(j2 - O') G X H (F)[3] \ {O}. 

Proof. This follows from direct calculation by the "chord and tangent processes". 
It can be verified that the tangent line at O' meets Xh again at O' , namely the 
intersection is an inflection point. This implies the first statement of the lemma. As 
for the latter, the points C, C CT , 0' a are collinear and the tangent line at O meets 
X H again at 30' by the former proof. It thus turns out that O' + O" 1 + 0° 2 = 30', 
which yields the required result. □ 
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3. Weierstrass form of the cubic curve OCfj over F 

Proposition 12,21 in the previous section allows us to calculate a Weierstrass form 
of the cubic curve Xh systematically. As the F-rational point O on Xh is given 
explicitly, the defining equation of Xh/F can be transformed into Weierstrass form. 
For instance, see Cassels's book [5j as for this method. The proof of Theorem 11.11 sits 
in the end of this section. The corollaries below are immediate consequences read off 
from the Weierstrass form (jl.2p . 

Corollary 3.1 (of Theorem II. ip . The discriminant of the Weierstrass form (|1 .2|) 
is 

A(X H ) = -^k/f^Xh)) 3 {a 3 S(Xf + 3 3 N X/F ( 7 (X H ))) . 
Assume H G C(0) is not tangent to X. Then the j-invariant is 

a 3 5(X) 3 (a 3 5(X) 3 + 24N^ /F ( 7 (X H ))) 3 
N K/F ( 7 (X„)) 3 (a 3 ^(X)3 + 3^ K/F ( 7 (X H ))) 

Especially the family {Xh/F} h ^c(0) contains infinitely many isomorphism class of 
elliptic curves. 

Proof. A direct calculation. For example, see [TTJ. □ 

Corollary 3.2 (of Theorem II. ip . Assume H G £-{0) is not tangent to X. Then 
(0, 0) = -(0, N K/F ( 7 (X H ))) G W(X H )(F)[3] \ {[0, 1, 0]}. 

Proof. Since these points are inflection points, the statement follows. □ 

Remark 3.3. By Corollary I3.2| there is a dual elliptic curve Xh defined over F 
which is isomorphic to W(X#)/((0, 0)} given by the Weierstrass form (For example, 
see 0) 

y 2 + a5(X)xy + 3 2 N K/F ( 1 (X H ))y = x 3 + N K/F ( 1 (X H )) (a 3 5(X) 3 - 3 3 N X/F ( 7 (X^ ))) . 

Remark 3.4. The family {Xh /F}h^c(0) 1S independent of the choice of F-basis 
of K, but each curve Xh/F depends on. 

Remark 3.5. For arbitrary (a, b, c) G A 3 (i ? ), define 7 (a, b, c) to be the discrim- 
inant of the same matrix as 7 (X#) in Theorem 11.11 Then, as a matter of fact, the 
quantity N^/^( 7 (a, b, c)) is X w ^o (^-invariant, namely N^- / /^( 7 ((a, b, c)p(P))) = 
N^/^( 7 (a, b, c)) for arbitrary P G X^o(-F)- Especially we have N^-/^( 7 (Xh)) = 
N ft -/^( 7 (Xp(p)(jy))) for any P G X w ^q{F) by taking suitable coefficients of hyper planes 
as follows. Let [a, b, c] G P 2 (D^) be coefficients of any hyperplane H/F G C{0). 
Take (a', b', c') := (a, b, c)p(P) for arbitrary P G X wj lq(F). Then the hyperplane 
H' := p(P)(H) has the defining equation a'(x — xqw) + b'(y — yow) + c'(z — zqw) = 
where (xq, yo, zq) := (1, 0, OYp(P)^ 1 . Further if P lies on Xh{F) then one can ob- 
serve that a = a'. This fact implies that for any P G Xh(F) the section Xh 1 by 
the hyperplane H' := p(P^ 1 )(H) G C(0) has the Weierstrass form (|1.2[) . In connec- 
tion with Proposition 12.21 it thus turns out that the Weierstrass form (|1.2[) of Xh is 
invariant for the choice of a point on Xh(F). 
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From now on we shall show necessary lemmas for the proof of Theorem 11.11 
First, we choose a generic polynomial for C3 ~ Z/3Z-extension over F, 

(g(x) =) g(x;t) = x 3 + tx 2 - (t + 3)x + 1 (t £ F, 6(g) = t 2 + 3t + 9). 

We recall basic properties of this polynomial in £JH] briefly. By the property, for any 
cyclic cubic extension K/F, there is a constant t £ F such that the roots of Q(x;t) 
generates K over F. Fix t £ F for K/F and a £ K as one of the roots. Let X°/F 
be a cubic hypersurface in P 3 associated to K/F with the .F-basis {1, a, tz - } of K 
defined by the same polynomial as (jl.ip . 

For this X°/F and any hyperplane H £ £(0), we prove as follows that the 
curve X'fl- is birational over F to either the cubic curve W(X^) defined by the same 
Weierstrass form as (|1.2p or P 1 by dividing it into 3-cases according to embeddings of 
X° H into P 2 as plane cubic curves. 

Lemma 3.6. Let H : a(x — w) + by + cz = be a hyperplane in P 3 defined over F . 
Assume at + 3c 7^ 0. Then there is a birational map given by 

0:X° H W(3&); 
[x, y, z, w] 1 — ► [B x , By, B z ], 

fl (-l) r_ „ „i 

[V x , V Y , v z , V w \ < — 1 [x, y, z\, 

— U-0 "l ^3 i/3 lh (x,y,z,w)w\ n 0\ x i Vi Z i W ) ^ ^ 2 lh {x,y,z,w)w\ ) 2 ' 

B z = w, 



ffl(-i) 

7 X 



'1 + t(-A- z) + /ti(x, z))) /i 2 (x, y, z)z + (l + ic (l - B))z, 



Y X) = 3(/ii(x, z) /i 2 (x, y, z) + cq)z, 

=S(-(A + Bh 1 (x, z))h 2 (x, y, z)-Bc )z, 



'z 

9 (-D _ . 



i^ere i/ie functions ho(x, y, z, w), hi(x, z), h 2 (x, y, z) £ F(x, y, z, w) are 

hf \ i( x i\ + y + z u i \ x 3A 2 5(q)+c 7 
h (x, y, z, w) = 3( — - 1) - t— - t—, hi(x, z) = r7T 2 



h 2 {x, y, z) 



w ww uqu\z ci 

(y + 2- 1 {a5(Q)x - N K/F (-f(X° H ))z)) - g 2 [h 1 (x, z)}u u\z 



2g 3 [h 1 (x, z)]u u\z 

and the functions g 2 [X], 53 [X] are elements in the ring of polynomials F[X] defined 
by 

g 3 [X] = Cl 5( Q )X 3 + 3 c 2 5(g)X 2 + 3A c 3 5(g) X + c 4 , 

g 2 [X] = 6(B 2 + B + 1)8(q)X 2 + 3^S(g)X + 3A^S(g) + 3, 

Cl Cl 

where (A, B) = ( at ° 3c ; ff+37) an d the other constants are as follows. 

3(B 2 + B + 1) at + 3c 

co = , uo = -12d(fl)ci, ui = — — — , 
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c 2 = A (B 2 (2t + 3) + 2B(t + 6) - t + 3) - (B 2 + B + 1), 
c 3 = A{B{2 1 + 3) + 1 + 6) - 25 - 1, 

(3^) 3 j 



1 - At 



3A 



C 5 = A (45 4 (2 i + 3) + B 3 (16 £ + 51) + 3B 2 (7t + 24) + 5(13* + 87) - At + 21) - 6(B 2 + B + l) 2 , 
c 6 = A (2P 3 (2 f + 3) + 3P 2 (2 1 + 3) + 6P(2 1 + 3) + 5 1 + 2l) - 3 ((B + l) 3 + B 3 ) , 
c 7 = A (B 2 (2 1 + 3) + 2B(t + 6) - t + 3) - 2(P 2 + 5 + 1). 

Proof. On account of technical reason, we first make the substitution 

/ 3 0\ 



[x, y, z, w 



[x, y, z, w 



-t 1 
-t 1 
\ 3/ 



which maps the point O to C The substitution z maps the hyperplane H : a(x — 
w) + by + cz = to the hyperplane i(P) : a(x — w) + (at + 3o)y + (at + 3c)z = 0. We 
denote the polynomial / o i^ 1 defining i(X°) by l f where / denotes the polynomial 
defining X°. From the assumption at + 3c ^ 0, we have the cubic form l fn{x, y, w) := 



l f(x, y, — A(x — w) — By, w) which defines the plane cubic curve i(X#) = i(X ) Pi 
i(H) <-^> P 2 isomorphic to X^. We may regard a point [x, y, w] on as an affine 
point (x/w, y/w) G A 2 if w ^ 0. Then O may be identified with (1, 0). 



The tangent at (1, 0) £ i(X^) meets i(X#) again at a P-rational point P, say. 
It is easily calculated that P = (1, cq) € i{X G H ). Let <7#(x, y) := + 1, y + Co, 1). 

Using the method in Cassels's book [5], there is a birational map over F from the 
cubic curve 0%%) to a curve C whose defining equation of the affine piece {w ^ 0} is 
given by 

y 2 =92[x} 2 -4,gi[x] g 3 [x] 

where gd[x] denotes the homogeneous part of degree d of the polynomial Ojf(l, x). 
The map is given by 



y-92[x\ 



e : i(X° H ) 

(x, y) 



1 y-92[x] 

1, — r-^a^ + c 



2 g 3 [x] 2 53 [a:] 

Having done it, by the substitution 



y - c 



2 33 



2/-cq 

DC — 1 



(a:-l)+fla 



y- cp 
x- l 



y) 



.. , 34 2 %) + c 7 \ 3 aW.-N x/ ,(7(XSr)) 
no Mi ( x H J , uoUxy 



we achieve the Weierstrass form defining W(X^). Thus the composed map 6 := 
I o @ o i- — ► W(X^) is the desired one. Since the all is standard manner, the 
precise proof is omitted. □ 
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rfl(-i) «(-!) flC- 1 ) a^ 1 )] 

[V X ,Vy ,V Z , V W J 



2: — 3 CQ W 



+ 



Lemma 3.7. Let H : a(x — w) + by + cz = be a hyperplane in P 3 defined over F. 
Assume at + 3c = and at + 36 7^ 0. TTien t/iere is a birational map given by 

0:X°h W(3&); 
[x, y, z, w] 1 — > [6»x, f9y, 

— 1 y, 2], 

^ = -0 4 (1 , 3 [^|^] 4, y, *, «0 + 02 ) - - ^z^M^ , 

' 9 { x 1] = (l + t(-A + /n(x, z))) /i 2 (x, y, z)z + (l + tc )z, 

?y ^ = -3A/i2(^ ; y, 2)^) 

= s^iC^i z ) y, 2) + c )z, 

n(-l) 



Z. 



i^ere t/ie functions ho(x, y, z, u;), /ii(x, z), /i2(x, y, z) G F(x, y, z, w) and 03 [X] £ 
/iaue t/ie same notation as in Lemma HOI 6ut 02 [-X"] = 6 5(g)X 2 + 3^-5(0)X + 
3j4— (5(g) + 3 and the constants are redefined as follows. 



A 



3 

co = — , 

Cl 



-2t 



at + 36' 
3, c 2 = -A(t + 6) - 1, 



u 



C3 



- 125(0)0! , ""I 



at + 36 
""is"" ' 



A(t - 3) - 1, c 4 = (3^) 3 g 



1 - At 



3A 



c 5 = -,4(4t + 33) -6, eg = A(5t-6) -3, c 7 = -A(t + 6) - 2. 



Proof. This is almost similar to the previous lemma. The substitution i defined 
in the previous lemma maps the hyperplane H : a(x — w) + by + cz = to the 
hyperplane i(-ff) : a(x — w) + (at + 36)y + (at + 3c)z = 0. From the assumption 
at + 3c = 0, at + 36 7^ 0, we have the cubic form l fii(x, z, w) := l f(x, —A(x — w), z, w) 
defining i(X^) P 2 . Applying the same method yields the birational map 

9 : i(X^) ^ C 



(x, z) 



1 y-52 3f . 

1, — : + C 



z - c 



y). 



253 



z - c 



(1 - 1) + .92 



z - c 



2 53 [»] 25 3 [a;] 
where the curve C is defined by the equation 

y 2 = 02 M 2 - 4 01 [x] 03 [a;]. 

Here 0d[x] denotes the homogeneous part of degree d of the polynomial 0#(1, x) where 
0jf(x, z) := l /n(x + l, z + co, 1). In order to obtain the required Weierstrass form, we 
make the substitution 

«5(0)^-N a7f ( 7 (X O h))' 



(x, y) 



(Jx i ly 



3A'S{g) + c r 



Cl 



u u\y 



This yields the desired birational map 9 := I o O o i- X^- — > W(X^). 



□ 
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Remark 3.8. As for the precise proof of the above lemmas, it might be required 
to use the explicit calculation 

= ^ (-(at + 3c) 3 g(-B) - a 3 <5(fl) 2 + a({at + 3c) 2 + {at + Sc){at + 36) + {at + 3b) 2 )5(e)) 

= 5(g) (-c 3 g( — -) - a 3 (2t + 3) + a 2 t{bt + 3fe + 3c) + a{b 2 {2t + 3) - bc{t 2 + t - 3) - c(t - 3))) . 

Lemma 3.9. Let H : a(x — w) + by + cz = be a hyperplane in P 3 defined over F. 
Assume at + 3c = at + 36 = 0. Then the hyperplane H is tangent to X° at O {i.e. 
is singular from Lemma \2.3\) . and there is a birational map given by 

9 : X° H P 1 ; 

[x, y, z, w] i — > [y, z], 

< — i [x, y). 



3t(x 3 + y 3 ) 9x(x 2 - xy + y 2 ) 9y(x 2 - xy + y 2 ) 



(x + y ) 3 S ftf) ' (x + y ) 3 B(^)' (s • UM^) 

Proof. Since a / by assumption, the defining equation of H is also written as 
3(x-w)-ty-tz = 0. But we have § (O), %{<D), ££(0)] = [3, -t, -t, -3], 

which implies that H is tangent to X° at O. It is directly verified the birationality of 
the map. Note that the equality (y + z) 3 g( 2 J^J ) = — 9(y 2 — yz + z 2 ) holds for any 
[3, y, z, w] e X° H . □ 

Remark 3.10. As for the above, the unique singular point on the cubic curve X^ 
is O. 

Remark 3.11. From Corollary \3.1\ the cubic curve W(X < jj)/F is singular if and 

only if A(X^) = which is equivalent to A = ^+b+i)S(s) lu ^ e case a * + 3c 7^ 0. 
Thus the equation defining H is described as 

(B» + B + \)S( 9 ) & x -*)-*y-t*)+Bv + z = 0. 

By direct calculation, one can find that the hyperplane H coincides with the tangent 
plane to X° at the point 

/(-B 6 (t + 2) - 3B 5 (t + 3) - 6B 4 (t + 4) + B 3 (t 2 + t - 23) + 3B 2 (t - 3) - 35 - 2) (-B)- 2 \ 
' (B 2 +B + 1)(-B 4 -2B 3 -6B 2 + 2B(t-l)+t + 2)g(-B)- 2 

\ (B 2 +B + l)(B 4 (t + l)+2B 3 (t + 4)+6B 2 + 2B + l) S (-B)~ 2 J 

Therefore this is the only singular point on X^. In the case at + 3c = 0, at + 36 7^ 0, 
since A(X° H ) = is equivalent to A = — the hyperplane is 

-JL_(s-«,) + y = 0. 

This is the tangent plane to X° at the point (— t — 2, —1, t + 1) ; which is singular on 
X ^. These also assure Lemma 12.31 once again. 

Lemma 3.12. Assume H G £(£>) is not tangent to X°. Then 0(0) = [0, 1, 0] 
where 9 : X® H — > W(X^) is the map in Lemma \3.(j\ or \3. 7\ Especially 9 is a group 
isomorphism. 
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Proof. It suffices to prove the lemma for the map defined in the proof of Lemma [3.6l 
or[377]sincef9 = Zo0oi;andi(0) = 0, Z([0, 1, 0]) = [0, 1, 0]. First assume at + 3c / 0. 
Under the assumption, the ring F[i{X® H )]o of regular functions on i("X%) at is a dis- 
crete valuation ring. Since the x-coordinate of the map is the function ^~ c ° which 
has a pole at 0, multiplying an appropriate power of a uniformizer for F[i(X^j)]o 
to the projective coordinate of yields 0(0) = [0, 1, 0]. In the case at + 3c = 
and at + 3b ^ 0, the x-coordinate of the map is the function ^Frf- We also have 
0(C) = [0, 1, 0] similarly. The statement is now proven. □ 

Proof of Theorem \l.l[ Fix arbitrary cyclic cubic extension K/F. Let X be a cu- 
bic hypersurface associated to K/F with a F-basis {1,01,02} of K defined by the 
polynomial (jl.ip and X° as above. Then the transformation matrix M G GL^{F) 
with (1, a, a a )M = (1, a\, a.2) defines a regular transformation M on P 3 given by 
[x, y, z, w] 1— > [x, y, z, to] 5)' whose restriction induces an isomorphism Xu —> 
X^, where H' = M(H) has the form a'(x - w) + 6'y + c'z = with (a', 6', c')M = 
(a, 6, c). We thus obtain d(X°) \M\ = 5(X), ~f(X° H ,) \M\ = 7 (X H ) and a 1 = a. From 
this and Lemma 13.61 13. 7^ the composed map 

(3.1) : X H ^ X% -U W(X%) W(X H ) 

is the required one. Here m denotes the map (x, y) \— > (|M| 2 x, |M| 3 y). It follows 
from Lemma E32] that 0(0) = [0, 1, 0]. □ 

Proposition 3.13. ti{0' a - O') = ±(0, 0). 

Proof. From (|3.ip . it suffices to prove the statement for the map 6 : X° H — ► W(X^) 
since M(c«i — 6«2) a«2 — c, — aai + 5, 0) = [c'a — b'j^, a'j^ — c', —a'a + b', 0]. Let 
:= {a G F \ F \ g(a; t) = for some and for any a G Vp let 5 a C A 3 be a 

hypersurface in variables a, 6, c defined by the equation (cf. Remark 13. lip 

(-N K/F {"f(X° H ))- 3 A(X° H ) =) a 3 <5(X ) 3 + 3 3 N X/F ( 7 (X° H )) = 

where X° is associated to F(a)/F with the F-basis {1, a, j^} of F(a) and H is a 
hyperplanea(x-w)+6y+c2; = 0. Let O" := [Cj4^-6(1- ^), o(l-^)-c, -aj^+b, 0] 
on X^ and P := 0" - 0'. Note that 0" = O lu or /(t2 since a ff = or 1 - J 
from Thus F G X^(F) \ {0} by Lemma [Ml For the map 6=[0x,0y,0 z ] as in 
Lemma [3761 or [3771 we can regard (# x , 9 y ) := (^(F), §j(F)) as functions in variables 
a, b, c, a, namely 0^, # y G Q(^i, ^2> £3, #4)- This makes the rational map 

<p : A 4 — » A 2 

(a, 6, c, a) 1 — ► (Gx(o,, b, c, a), 6* y (a, 6, c, a)). 

For any «o £ Vq, let ip\ ao '■ A 3 — ► A 2 be the restriction map to a = ao- Then the 
Weil pairing tells us <p\ ao {a, b, c) = ±(0, 0) on A 3 (Q) \ S ao (Q) by using Lemma 12741 
Corollary 13.21 and £3 ^ Q. Thus the rational functions x \ ao , 9 y \ ao are constant for 
infinitely many values a, 6, c respectively, and hence x \a O i @y\a must be constants in 
Q(xi, X2, 23). It turns out that the map p depends only on the variable 24. However 
tp also takes ±(0, 0) for infinitely many a G Vq, which implies that tp is a constant 
map taking the image either (0, 0) or —(0, 0). Especially, for any number field F, the 
evaluation of tp for a G Vf and (a, 6, c) G A 3 (F)\S a (F) yields the required result. □ 
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4. Descent theory for Xjj via 3-isogeny 



We shall now discuss descent theory for the elliptic curve Xh over F. Fix O as a 
base point of Xh- Then the set of F-rational points Xh(F), often called Mordell-Weil 
group, is a finitely generated abelian group with group unit O, whose structure does 
not depend on the choice of a base point. It is one of the main interest to know the 
rank of Xh(F). If one could calculate the quotient group Xjj{F) /itiXh{F) for some 
integer m > 1, one could find the rank of Xh(F). Descent theory gives an upper 
bound for the size of the quotient group Xh(F) /rnXniF), which often gives the exact 
size. At the beginning, we make notation used in the present paper and recall some 
basic objects on descent theory in the case m = 3, which we call 3-descent. 

From Proposition 13.131 we may assume ■Q[0' (T — O') = (0, 0) without loss of 
generality by the proper substitution either $ <-> [— 1] o $ or a «-> a 2 . 

Let 4> : Xh — ¥ Xh be a 3-isogeny defined over F with the dual elliptic curve 
Xh '■= Xh/(T) where T := ,<T — O', and let <p : Xh — ► Xh be its dual isogeny 
which is also defined over F. For the short exact sequence — ► X#[<^>] — ► Xh(F) 
Xh(F) — > as Gj7-modules where Gf denotes an absolute Galois group of F, taking 
Galois cohomology yields the exact sequence 

— > Xh~(F)/4>(X h (F)) — ► H\F, X H [4>\) — > H\F, X H )[4>] — > 0. 

Considering the above locally again, we also have a similar localized exact sequence. 
For the completion Fp at each prime p of F, since an embedding F Fn, which may 
be fixed once and for all, induces restriction maps of Galois cohomology, we obtain 
the following commutative diagram. 

► Xh{F)/^(X h (F)) —L^, h\F, X H [<f>]) ► H\F, X H )[4>] ► 

rcsp 

► XH~(F p )/<f>(X H (F p )) H^Fp, X H [<P}) ► H\F P , X H )W\ > 

where 5, 5p stand for connecting homomorphisms of Galois cohomology. The </)-Selmer 
group of the elliptic curve X# is a finite subgroup of H 1 (F, Xh [<fi] ) defined by 

S W (X H /F) = |j S H^F, 1hW\) resp© G ImJp for any finite/infinite prime p of f\. 

It is clear by the above diagram that the group (Xh / F) contains Xh(F)/4>(Xh(F)^ 
as subgroup. The gap between these groups is represented by the 0- kernel of the 
Shafarevich-Tate group, which sits in the exact sequence 

— X^(F)/<f>(X H (F)) — S^(X H /F) — » m(X H /F)[4>] — » 0. 

Oppositely, one can define the 0-Selmer group S^\Xh/F) and the ^-kernel of the 
Shafarevich-Tate group UI(Xh /F)[(f>] on interchanging the role of the isogenies (f), (j). 
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A relation between the finite groups Xh(F)/4>(Xh(F)^ arid Xh(F)/(J)(Xh(F)) 
is described by the exact sequence 

n . X^(F)[$] X^(F) $ X H (F) X H (F) Q 



0{X H (F)[3}) 4{X H (F)) 3X H (F) $(X^(F)) 

It is easily seen that ^Xm^f)^ ] ) — ^/3^ if and only if (3 e F and Xh(F)[3] = 
Xh(F)[(J)] ~ Z/3Z. Prom this we have the formula 

(4.1) rank z X H (F) = dim Fa + dim Fa -y— - - dim Fs /i 3 (F) - 1. 

<j)(X H (F)) <P{Xh{F)) 

Thus the Selmer groups give an upper bound for the rank of the Mordell-Weil group. 
From now on, to estimate the size of the rank, we consider the Selmer groups. 

4.1. On the Selmer group Since X# [</>] C Xh(F), one sees that 

H\F, X H [<t>]) ~ H\F, C 3 ) = Hom(G F , C 3 ). 

Here the Galois action on the cyclic group C 3 ~ Z/3Z is regarded as trivial one. 
Define the set of all cyclic cubic extensions over F together with F by 

<5a[(C 3 /F) := {l/F: Galois extension Gal(L/F) ^ C 3 } /{isomorphisms}. 

Kerf 

Then there is the surjection Hom(G,F, C 3 ) — > <3a((C 3 /F) ; £ F . We thus obtain 
the composed map 

5 F : J~ H {F)/4>(X H {F)) -±> H\F, X H [4>}) ~ Hom(G F , C 3 ) — > <5al(C 3 /F). 
Considering locally again, we have the commutative diagram 

X^(F)/(f>(X H (F)) <SaI(C* 3 /F) 



X ff (Fp)/0(aC H (Fp)) -^-> 0al(C 3 /F p ). 
The following gives a slightly different description for the </>-Selmer group 
Proposition 4.1. The map 8p, is explicitly written as 

5f. : X^(F.)/cf>(X H (F.)) — > <8al(C 3 /F.) 

P p.(0-l(P)). 

i7ere • stands for p or null space. Moreover it holds that 
$S^(X H /F) = 2 • g 0al(C 3 /F) 



L/_F is unramified outside So 
L-Fp G Im /or any p G So 



1 



where Sq denotes the set of finite primes of F at which Xh has bad reduction or 
dividing 3. 

Proof. By tracing the definitions and consequences of descent theory. For details, 
see ED, 82. □ 
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Remark 4.2. Since X H (F)[4>] = (0' a - O') by the definition, the point P = 
4>(0') G Xh is irrational. For any cyclic cubic extension K/F and any hyperplane 
H G C{0) not tangent to X, taking such P G X^(F) yields 5 F (P) = F{0') = K. 
Thus all cyclic cubic extensions over F are subject to F-rational points on the elliptic 
curves {Xh/F}. Furthermore it is also observed that the elliptic curve Xh/F has 
bad reduction at each prime p \ 3 which ramifies in K. 

4. 2. On the Selmer group 

SW(X H /F) As for the dual side, the Weil pairing e-r 
for the isogeny (ft constructs the commutative diagram 

X h {F)/^{Xh(F)) — ^- H l (F, Xff[0]) H\F,fi 3 )^F*/F* 3 



X H (K)/$(X H (K)) — ^- H\K,X H g\) H\K,^)~K*/K* 3 . 

We denote by 8p, dp the homomorphisms from the group Xh(F) / (/){Xh(F)) to F* /F* 3 , 
K*/K* 3 respectively. For each finite prime p of F, it may be defined similarly the 
maps 5 Fp : X H (F p )/0(X^(F p )) -» F p */F p * 3 and 5^ : X H (F P )/0(X^(F P )) -> if^/ 
where ^3 is a prime of K above p. There is no need to consider infinite primes since 
-ff 1 (-Poo) Xff [</>]) vanishes. Thus the </>-Selmer group can be rewritten as 



S W (X~h/F) = jd G F*/F* 3 d G Im5 Fp for any finite prime p of f} 



Let /C p denote the etale algebra Fp[x]/ (q(x; t)) , where q is the generic polynomial 
in ^Sl which is isomorphic to the direct sum of the completions K<p of K at the 
primes ^ lying above p, namely K. p ~ ll<p|p^p — K ®F F p , and let K, p denote 
the multiplicative group II^pip^p- We frequently use the identification }C p /lC p 3 ~ 
Ylfflp Krp/ Kyp . The natural inclusion F C F p induces an embedding K K p by 
the identification .K" = F[x}/ (g(x;t)) . We define a map 5p* : Xh{F p ) / 4>{Xh{F p )) — > 
/Cp//Cp 3 by n<p|p ^Fp* (-f) w hich commutes the diagram 

: X H {F)/4>(X H {F)) — ^ F*/F* 3 ► i^/if* 3 

: XH(Fp)/^(x^(Fp)) FpVFp* 3 ► /c;//c; 3 . 

As for the maps 8p, <5^ p , we will give a certain description in Proposition 16.31 which 
is essential in £}5j Note that the homomorphisms S F , 6 F are injective from the non- 
degeneracy of the Weil pairing but 5p , 6 F * are not necessarily, because the natural 
maps F*/F* 3 — * K* /K* 3 and -Fp*/-Fp* 3 — * K^/K^ are not injective in general. See 
also Lemma 17. 11 
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The following lemma is proven via local consideration by applying the Hasse 
principle for norm varieties, which was originally proven in [7]. 

Lemma 4.3. (%h/F) C N k/f (K*)/F* 3 . 



Proof. For arbitrary d G S^(Xh/F), it suffices to show d G ^k v /f p (Km) f° r every 
prime of F by Hasse norm theorem. This is immediate for infinite primes or finite 
primes which split completely in K. We thus assume a finite prime p does not split 
completely in K. Then GsX{Km/Fp) ~ G&1(K/F). Since d represents an element in 

SM(X H /F), there is a point [x, y, z, 1] £ Xn(Fp) and some element f3 G such 

that d = xtS+S from PropositionES Note here that X H (F p ) n {w = 0} = 
if and only if Fp ^ K<g. From Lemma 17.21 we have ~Nk /p p (fi) = d. Gathering all the 
pieces, we can conclude d G N K / F (K*). □ 

Remark 4.4. From the above we have lm5 F C ~N k / f (K*)/F* 3 . 



4. 3. Combining the Selmer groups S^(Xh/F) and S^(Xh/F) Given an 
isogeny and its dual isogeny, it is known Cassels's duality formula in [3] which connects 
order of a Selmer group with that of its dual Selmer group. Applying the result in 
[9] yields the following connection formula. However, for simplicity, we consider only 
the case a = which we will use later, namely the hyperplane H : by + cz = with 
coefficients [6, c] G P l (D F ). 

Proposition 4.5. Assume F has class number 1 in which 3 splits completely. Let 
vp '■= ^p(^k/f(iC^h))) £ Z for p G 3>f where stands for the set of all finite 
primes of F. For a hyperplane H:by + cz = which is not tangent to X, it holds that 

dim Fa S W (X H /F) = dim F3 S®0&/F) + d+ - d„ + d^ - r 
where r denotes the rank of the group F of units and 

d+ := (l{p G I p I 3 and N K/F (j(X H )) G F p * 3 } , 
d_ := #{p G | 3 f Vp and {p | 3 or ( 3 <£ F p }} , 
doo ■= ttjp G IPp Vp = 2 (mod 3) and p | 3 j . 

Proof. This is a direct consequence from [9J combining with Cassels's duality for- 
mula. □ 

Remark 4.6. Assume 3 is unramified in F. Let p be a prime of F above 3. Then, 
for an element d G -Fp, the condition d ^ F* 3 is equivalent to the condition either 
3 \ fp{d) or 3 | Vp{d), ^ k 3 (mod ir 2 ) for the constants u n , k w G D F which are 

defined to be u n = k 3 (mod ir) with u n := 7r~ where 7r stands for a prime 
element in i^. Further we assume 3 splits completely in F. Then is equivalent to 
±1 modulo 7r and hence we can choose k n = ±1 respectively. 
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5. Unit groups, Class groups and Selmer groups 



As for relations between class groups and Selmer groups, it has been investi- 
gated by many authors. For example, L. C. Washington [14J discussed the connection 
of Selmer groups to class groups of cyclic cubic fields over Q, N. Aoki [lj of cubic 
extensions over arbitrary number field containing a primitive cube root of unity. E. 
F. Schaefer [TO] also investigated the case when those groups coincide for the minimal 
field of definition of torsion points on abelian varieties. This section is intended to 
study the family of elliptic curves {Xh}h in such direction. However, in addition to 
class groups, here we also take unit groups into account in view of the analogy between 
Mor dell- Weil groups and unit groups. 

For any set S of finite primes of F, and any finite extension L over F, define 

£>L,S ■= {a G L | ZAp(a) > for any G ^L,s}, 

K L ,s ■= {a G L*/L* 3 iAp(a) = (mod 3) for any G 3> £)S } , 

CIl,s '■= { non-zero fractional ideals of 0l,s }/L*£>l,s- 

Here 7l,s stands for the set of all finite primes of L outside S. When S = 0, we omit 
the letter S as Tl, Ql, ^l, CIl and so on. In this section, we show some connection 
between the Selmer group SW)(X H /F) and unit groups 0* LS , class groups C\l,s m 
the case L = F or K. To begin with, we quote [9], Proposition 4.5, which implies the 
following. 

Lemma 5.1. The following equivalences hold. 

Im5 Fp ^O Fp /0% pe%, 

where /O*^ = Y\m\ p O* K /O*^ and S, S' are finite sets defined by 



S ■= jp e T F 

S' := jp G S p splits completely in ifj . 



3u p (aS(X)) < v 9 (N K/F {f{X H ))) 
or Vp (N K/F (r/(X H ))) ^0 (mod 3) 



Proof. The first equivalence follows directly from [9], Proposition 4.5. As for the 
second, for any p G tPjrs" if P is inert or ramifies in K then Im<5^ p <^-» /D^ 
by using Proposition 16.31 If p splits completely in K then p G 7 F) s, and hence the 
statement follows from the first equivalence since Fp = as valuation fields for each 

*P | p. Conversely, for any p G S' the first equivalence implies Im<5^' 3 /O*^ . □ 



By the above lemma, it turns out that each element in S^(Xh/F) is of 

adic valuation divided by 3 outside S' , namely S$\Xh/F) relates to the 3-torsion 
subgroup of the S"-ideal class group CIk : s'- We will also consider the relation to that 
of the 5-ideal class group Cl F ,s- 
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We make notation as 
{K 

D 



_ n K/F (K*)nsr FtS 

— ^3 (C F>S /0 F>S ), 

F,S 



N 



<C1 F)S [3] := {o G Cl F , s [3] | a 3 = dD F , s , d G N K/F (K*)} (c C1 F , S [3]), 
xU KtS > ■= G D^iT 3 /^* 3 | a € if*, N K/F (a) = l} (c D^ s ,/Df )5 ,), 

C1k, S '[3] := {a G Cl*,s'[3] | 2l 3 = aDjf.s'i N x/F (a) = l} (c Cljr, S /[3]). 

As is indicated, these groups are finite and subject to certain norm condition. Note 
that the Galois group G = Gal(K/F) acts canonically on the quotient K*/K* 3 and 
the S'-ideal class group CIk,S' by a (a) = a a , <r(2l) = 21°" respectively. The purpose of 
this section is to prove the following results. 

Theorem 5.2. For any hyperplane H/F G C{0) which is not tangent to X, let 
S, S' be the finite sets in Lemma \5.1\ Then there is a finite bound 

dim F3 S W (1 H /F) < dim F3 n^f.s + dim F3 nC1f,s[3] 



< dim F3 nUk,S' © V3(F) + dim Fs nCLv 5 ,[3] - dim F 



F,S' 



f3 N K/F (0* K>S/ ) 

where K s < := {(3 G K* \ i^O^ -1 ) = (mod 3) for any G 9 K ,S'}- 
Furthermore ifClx^s' *s G-invariant then Xjj(F)/(f)(Xjj(F)^ n&k,S' © ^{F)- 

Theorem 5.3. Let F be a number field of class number 1 in which 3 splits com- 
pletely. For a cyclic cubic extension K/F, let {1, a, a 2 } be a F-basis of K that X 
is defined by the polynomial (jl.ip with. Here a G K denotes a root of the generic 
polynomial g(x;t) in £J3 for some t G F. Let H be the hyperplane z = 0. Assume 
t G Fl 6(g) ^ F* 3 for each p | 3. Then the set S in Lemma [5J\ consists of all the 
finite primes of F which ramifies in K and 

dim F3 S^XTh/F) + rank z D> = dim F3 S { ^(J~h/F) = dim Fs N $F,s, 
1 < rankzX_f/(F) < 2dim Fa n^f.s — rank^D^ — 1. 

Combining Proposition 14. II with Theorem I1.3l and l5.3l yields a certain description 
for N Cl£[3]. 

Corollary 5.4. Under the first assumption in Theorem \l.S\ there is the equality 

q H niGrql o w/ t r- (K„x(n /m\ L/Q is unramified outside S \ 
3 • tt N Cl^[3j = 2 • jj|L G 0aI(G 3 /Q) L . Qp £ /or „y p e s J - 1 

where S is the set of all the finite primes of F which ramifies in K and the other 
notation is the same as in Proposition ^. 1\ 

Example 5.5. Here we give an example for nC1^[3] being non-trivial in the case 
F = Q. Let t = — 3 3 . Then the conductor of the minimal splitting field of g(x;t) is 
657 = 3 2 • 73, and the class number is 9 (see [6]). Since both 3, 73 lies in the image of 
the norm map, Using Corollary 15.41 yields nC1^[3] ~ Z/3Z. This example also satisfy 
5(g) = 657 i Qf (cf. Theorem Q3J. 
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The rest of this section is devoted to the proof of the above theorems. First of 
all, in view of Lemma 14.31 15. H we shall introduce finite groups for the sets S, S' in 
Lemma 15 . 1 1 defined by 



n^W : = \ d e &f,s 



d 



G N K/F (K*)} , N <R K>S > := [a G <R K ,s> \ N K/F (a) = l} 



From Lemma 17.31 the G-invariant subgroup S' ma y be written by 
n^k,S' = {d£ V 3 (F)N K/F (K*)K* 3 /K* 3 | iAp(d) = (mod 3) for any G 1>k,S>} ■ 

When £3 G F, the cyclic cubic extension K is generated over F by for some 
D G F* \ F* 3 from Kummer theory, which implies D = ^ K j F {-\fD) and is<g(D) = 
(mod 3) for any ^3 G 7 k since each prime p G IPp with 3 f ^p(F>) ramifies in K. 
Combining this with Lemma 1 7 . 1 1 yields 

n^k,S' © {F*nK* 3 )/F* 3 

~ {d G /x 3 (F)N^ /F (^*)/F* 3 I ^(d) = (mod 3) for any <p G 0> K ,S'} 

~ jd G N K/F (K*)/F* 3 iAp(d) = (mod 3) for any <p G ?a',5'} © 7¥(F) 

= <[d G N^ /F (if*)/F* 3 I i/ p (d) = (mod 3) for any p G V> f>S ur} © M F ) 

where 713(F) := ^^^^k*) ' an< ^ R stands for the set of all the finite primes of F 
which ramifies in K. We understand © as the direct sum of F3-vector spaces. The last 
equality follows from the definition of 5, 5". It thus turns out that n91f,s ®~Pq{F) e_ ► 
nW- ks > © ( F * n K* 3 )/F* 3 . Then these groups contain the (/>-Selmer group as follows. 

Proposition 5.6. There are inclusions as ¥s-vector spaces: 

S^{X]j/F)®JIE(F) w © -pE(F) N <Hg )5 , © (F* n iT 3 )/F* 3 . 

Furthermore, if we assume the following conditions then all those groups coincide and 
S = R,S' = Q. Let v p := v p (N K/F (~/(X H ))) G Z for p G 



o 3 sp/iis completely in F , 

o The hyperplane is H : z = 0, 

o Fac/i finite prime p G satisfying 3 f ramifies in K , 

o For each p | 3, z/3 | u p £/ien p is unramified in K and ^K/F^li^H^) ^ Fp 3 . 

Proof. Using Lemma E2 and O yields (X H /F) C n^f,s- Now we shall prove 
the latter statement. Since H : z = 0, a direct calculation shows us NftTF^pCff)) = 
— Njf/j?(ai- ) where {1, ai, 02} denotes the F-basis of K for X. It thus follows from 
LemmaESthat S = R, S' = under the conditions, and in particular N^i^sffi/^st-F) — 
N^|, 5 ' © ( F * n K* 3 )/F* 3 . Finally we show the inclusion S^{%h/F) d n^f.s- Let 
d be arbitrary element in n^f.s- For any p 6 Tf, the following chart can be verified 
from [9], Theorem 4.1. 



3 I v» 



p I 3 — See below •••(*). 
p f 3 -> p G Pf.S and hence d G Imo>,, = D* F /Of . 



Z\v p -» From Lemma EH d G Im<f Fp = N^ /Fp (K^/Fp* 3 . 
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We consider the lack of the above chart indicated (*). By using the equivalence and 
the notation in Remark 14. 6 \ the condition 3 | v p , N^y^^X^)) ^ F* 3 can be read 
into ^ k 3 (mod 9). Here we may choose 3 as a prime element 7r G Fp. Let 
T>' := ^{uk + Wn 3 fcy ) ■ Since u T = ±1 (mod 3) from the condition 3 splits completely 
in F, it can be verified that ^ k 3 (mod 9) if and only if (— ) ^ 1, which denotes 
the Legendre symbol. From [9], Theorem 4.1, this implies d G Im<5p p . Consequently, 
we have d G (jCh / F). This completes the proof. □ 

Remark 5.7. We consider the assumption in the above proposition more explicitly. 
Let a G F be a root of the generic polynomial g(x; t) (see $8|) with a fixed t G F so 
as to be K = F(a). We choose {1, a, a 2 } as the F-basis of K for X. For any 
p G 3V with z^p(i) < we assume 3 | Vp(t). Let iif be the hyperplane z = 0. Then 
±Nft-/ F (7(X,f/)) = 5(g) = t 2 + 3i + 9 satisfies the third condition by Proposition 18.11 
Under the assumption that 3 splits completely in F, we can describe the condition 
3 | v p , 5(q) ^ F* 3 for p | 3 which is equivalent to u T ^ k 3 (mod 9) by using words of 
t as follows. (By Proposition 18-H the condition implies that p is unramified in K.^j 

'u 9 {t) < -> v p = 2v p (t) -> The condition is equal to 3 _I/ * W £ = ±2, ±4 (mod 9). 

Vp(t) = — > w p = — > The condition is equal to £ = 1, 5, 7, 8 (mod 9). 

£ = 0, 6 (mod 9) — > w p = 2 — » This does not conform to 3 | w p , which is ignored. 
t = 3 (mod 9) — + w p = 3 — * The condition is equal to t = 12 (mod 27). 

This is often convenient for an explicit calculation. 

The group D^f.s relates to the 3-torsion subgroup of the S-ideal class group C1f,s 
and the group of 5-units D FS - There is an exact sequence 

— ► D* FiS F* 3 /F* 3 — ► 9\ F: s — ► Cl FtS [3] — ► 
which is induced by the surjective homomorphism 

*f,s — > Cl FjS [3] 



d — > ]"[ p^W/ 3 D FiS . 

Since n^f,5 is a subgroup of 9\ F: s, one can obtain a restricted map from n^f.s to 
C1f,s[3]. According to this, we would like to restrict the group Cli?,s[3] so as to hold 
the surjectivity of this map. This is the reason why we introduced the subgroup 
nC1 F s[3]. It is easily verified that the group nC1f,s[3] is the exact image of n^f,s- 
We thus obtain the exact sequence 

(5.1) — » N $F,S — » N^F,5 — ► N C1f,s[3] — > 

where N $F,s = {d G D FS F* 3 /F* 3 | d G F*, d G N K/F (K*)} is the kernel of the map. 

Similarly, the group DKk,S' also relates to the 3-torsion subgroup of the 5"-ideal 
class group GIks> an d the group of S"-units O^S'- ^ ne restriction to the subgroup 
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of the surjective homomorphism as G-modules 
Kk,s> — » Cl KjS ,[3] 



a \ — ► ] J ^^/ 3 K)S ' 

induces the exact sequence 

— — ► N ^,5' — ► nC1^ 5 '[3] — ► 

with the kernel := {a G D*^ S ,K* 3 /K* 3 | a G if*, N x / F (a) = l}, which can be 
rewritten as 

* = {e G 0* KtS ,K* 3 /K* 3 | 6 G D^ 5 „ N K/F (e) G N^ZT 3 )} . 
Taking Galois cohomology yields the long exact sequence 
► ► n^k,s' — nC1| j5 ,[3] — tf x (if/F, tf) — ^(K/F, N m K>s ,) 

We can describe the image of N Clg 5 ,[3] in H l (K/F, *) as follows. 
Proposition 5.8. T/ie following sequence is exact. 

* ^ * n5H| i5 ' — nC1^[3] — ^ ^ — 0. 

iiere if 5 / := {/3 G if* | lApO 9 ' 7 " 1 ) = (mod 3) for any G ? K ,S'}- 

Proof. We have only to prove the following map is surjective with the kernel j F {£)* K s> 
Nk/f(Ks>) n 0* F>S , — Ker [h\K/F, *) - if^if/F, n^.S')] 



where £ denotes a cocycle determined by letting £ CT := ^k/ f (P). First of all, we show 
the map is well-defined. If so, this is a homomorphism by definition. Let ^k/f(P) 
be arbitrary element in N K/F (K S >) n 0* FS ,. Then N K/F (f3) = (/3 <t - 1 ) ct " 1 /5 3ct G ^ f,s' 
and N K/F (N K/F (P)) = N K/F (p 3 ) G N x/F (if* 3 ), therefore N K/F (P) G Moreover, 

G n9^A',5' since /? G ifs'. These imply that £ lies in the right-hand side. 
[Kernel] Assume the image £ of N K / F (P) G N K / F (Ks') r\D* FS , is trivial, namely 
£ CT = Nk/ f (P) = e a ~ 1 for some e£$ where e G S /. Then there is some eo G D* K s , 
so that ~N K / F (P) = e a ~ l el and hence N K/F (P) G N K / F (D* KS ,) by Lemma [7^21 Con- 
versely, for any N K / F (e) G N^ F (D^ r5 ,), we find that N^y^e) = (e 0- - 1 ) "- 1 corre- 
sponds to a coboundary class in H 1 (K/F, Thus the kernel is N^j?(D^ s ,). 
[Surjectivity] Let £ be any element in the right-hand side. This can be written as 
£ CT = a a ~ 1 G ^> with a G N^i^S'j Nrvf(o:) = 1 by definition. From this, we observe 
a - l p 3 G D* KS , for some G if*, and e^ 1 = (a" CT /3 <T - 1 ) 3 G Of s ,. These imply 



e := a 



N^ /F (/5) 3 = N /</F (e) G D*, s , and /? G K 3 >, namely N K/F (/3) G N K/F (K S ,) D 0J, S ,. 
We claim that this N K / F ((3) is mapped to f. Since e = N^ /F (/3)(a- ff /5 CT - 1 ) CT2 ~ 1 , it is 
seen that ~^k/f(P) * s equivalent to q "^ 1 modulo -1 , which implies the image of 
Nk/f(P) is £■ This completes the proof. □ 
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Remark 5.9. Assume F = Q and each prime *p of K lying above any p G S' is 
principal. Since all the primes in 5" split completely in K, there is a prime element 
II G D* K S , such that p = N K /p(U) G Oq S ,. We thus have Oq S , = Z* © (p \ P G 

S") C N^/q(D|^ s ,). In addition, Cl^.s' — ClA'/(^P) ! p|pe5' — CIr- from the property 
of S"-ideal class groups. Applying these to Proposition 15.81 yields the short exact 
sequence 

► x I /< ~' ► nK%, s > — NClf [3] — 0. 
Lemma 5.10. ^ G ~ n&k,s' © ~p3(F)- 

Proof. First, for any of- 1 G n%:,S' it is seen that (a a ~ 1 ) CT ~ 1 = N K/F (a)a^ 3a G K* 3 
and [i 3 (F)K* 3 /K* 3 C Thus the inclusion H3(F)nUk,S' C \I> g holds. Conversely, 
for any a G ^ G we may assume N^yp(a) = 1. Since a is G-invariant, there is some 
G K* so that a' 7 " 1 = /T 3 , hence N K / F (0) = 1 by using Lemma 17. 21 From the 
equa lity 1 = a l+a+<j2 = (a a /3 1 ~ (T ) 3 , we have r := a° 73 1_CT G /x 3 (iO = M^) and 
a = r^- 1 G wl^Nil/f.S', thus f G C /x 3 (F) N H^ S '- Therefore ^ G = /i 3 (F) N il^ s ,. 
If /13(F) C N x/F (i^*) then fi 3 (F) C nHk.S" from Lemma F7T21 and hence ^ G = ^Hk,S'- 
Assume M3 (F) £ N K/F (^*), namely /z 3 (>) = (C 3 ) and /i 3 (F)n% /F (r) = {1}. We 
claim that the F 3 -vector space I^3(F)^Hk,S' is isomorphic to nHk,S' ®~p3~(F), which 
is given by the map rf3 a ~ x ^ (/3 fT_1 , r) where r G (13(F), f3 a ~ l G nU-k,s'- If the 
map is well-defined then this is an injective homomorphism. The surjectivity is also 
clear. For any representative r'/3 /CT_1 G r/?°" _1 , since r / r _1 (/3 / /3 _1 ) cr_1 G K* 3 and 
N^/ F (/3 / /3~ 1 ) = 1, using Lemma [731 yields r'r^ 1 G (13(F) nN^ /F (K*). Consequently 
it must be r' = r and (/3'/3 _1 ) cr_1 G X* 3 . Therefore the map is well-defined. □ 

Roughly speaking, the following lemma implies that the half of the Mordell-Weil 
group is bounded by a unit group. 

Lemma 5.11. If Cl K ,s> is G-invariant then X H (F) /^)(X H (F)) ^ Vt&K,S> © (F* n 
K* 3 )/F* 3 . 

Proof. It follows from Lemma PTTLl that Im5 F <^-> lm5p © (F* n K* 3 )/F* 3 . Now we 
shall prove the inclusion Im 5^ <^-> nMr: S' ■ From Proposition 16.31 the image of 5p can 
be written by ^y^^ K* 3 . Let a :=x + ya 1 +za 2 for short. Then N K/F (a) = 1 
by the defining equation of Xh- We must show that a a ~ 1 K* 3 lies in D* K S ,K* 3 /K* 3 
under the assumption. For any *p G 7k, S', let p := ^ F . if p is inert or ramifies 
in K then v^(a a ^ 1 ) = 0. Assume p splits completely in K. The p-part of a may be 
written as ^ Via ^ V2a2 with integers v , v%, V2 G Z. Since p G 9ps> and the p-part 
of a ff_1 is q$(vo-vi)<r yp(v 1 -v 2 )o- 2 ^ usm g Lemma f5.1l there are some integers 

r, r' G Z such that u — vi = 3r, ui — i> 2 = 3r'. It thus turns out that the p-part of 
a ' 1 is equal to (q^-i)3r(qj<7 2 -i)3r' Uging the assumption ci G s , = Cl KtS ; there is 

some A p G if* such that *p cr_1 Dx,5' = ApDi^s", and hence the p-part is the principal 

ideal (Ap +r ^ +1 ^ 3 Dk,s'- We can take such A p G K* for each p G "?ps' so as to split 

completely in K, and let (3~ be a product of all A p which varies through those 

p, namely (3 := n(A£ +r ' (<T+1) ) _1 G if*. Here the inte gers r, r' are both for almost all 
primes in 7p t s'- Then a a ~~ 1 f3 3 G D* K s , by the definition. This yields the lemma. □ 
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We are now ready to prove the theorems. 
Proof of Theorem \5.2i This is a direct consequence deduced from Proposition 15.61 
and Lemma 15. lUt 15.111 □ 



Proof of Theorem \5.3l Since N K / F (y(XH)) = —S(X) = ±6(g), under the assump- 
tion, a finite prime p of F ramifies in K if and only if 3 f Vp{N K j f {^{Xh))) by using 

Corollary 18.21 From Proposition 15.61 and the sequence (|5.ip , we have SW(X H /F) = 
ffi^ = n9V,s = n&f,s- Since £3 G Fp for p which ramifies tamely in K, applying 

P 

d + = 0, d- — doo = and hence the equality 



Proposition 14.51 with the assumption <5(X) ^ F? 3 for p | 3 and Remark 17.81 yields 



(5.2) dim F3 S W {X H /F) + rank z D> = dim F3 S®(X^/F). 

The estimate 1 < rank^X#(-F) < 2dim F3 n^f.s — rank^O^ — 1 now follows from the 
formula (|4.ip with Lemma 17.101 □ 

Proof of Theorem \1.3l The assumption is equivalent to that of Theorem 15.31 ap- 
plied with F = Q. The first statement follows from Remark 15.91 Lemma I5.10[ 17.91 
the equality (|5.2p and the formula (|4.ip . Further assume C1&- is G-invariant. Then 

Lemma EJIB Em EJ1 imply %h(Q)/<P{X~h(Q)) ^ n^k ~ f G ~ Z/3Z. Summarizing 
them with Proposition 15.81 and Remark 15 .9\ we have the following equivalence of exact 
sequences. 

► N il*; ► ► nC1|[3] ► 



> Xh(Q)/4(Xh(Q)) > s®(x H /Q) > m(x H /QM ► o. 

This completes the proof. □ 



6. Construction of the homomorphism S F J 

This section is a key part to carry out our preceding descent procedure. We 
continue to use the previous notation. The idea is an interchange of the specified base 
point O into another point on the elliptic curve Xh- As a consequence, we obtain an 
available description for the image of the map 5 F ' . We begin by taking such a point. 
From the equation defining Xh, there are i^-rational points on Xh D {w = 0} which 
consists of 

O = [cai — 602, aa.2 — c, — aa\ + 6, 0], 

T' := [cof - ba?,, aa a 2 - c, -oaf + b, 0] (= /<T ), 

T' a = [caf - baf, aaf - c, -aaf + b, 0] (= O'" 2 ). 

We adopt the point O' as a new base point on the elliptic curve Xh over K, and 
denote the new elliptic curve by X' H := (Xh, O'). Note that all the points C, T", T' a 
lie on the same line H n {w = 0} and hence T' +' T' a = O' where the symbol +' 
stands for the group law of X^. The point T' turns out to be a 3-torsion element in 
the Mordell-Weil group X' H (K) as a consequence of the following lemma. 
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Lemma 6.1. A rational function r/ G K(%h)* defined by 

, . x + ycty + za% 

r){x, y, z, w) = — ■ ■ 

x + ycti + za 2 

has the divisor 3(T') — 3(C). 

Proof. It is easy to check that x(P) + y(P)a± + z(P)a 2 = if and only if P = O'. 
From this, the divisor of the rational function r/ has the form ra(T') — n{0') with some 
positive integer n. In the next place, we calculate the order of rj G K(Xh) at the point 
O' . The regular local ring K[Xh]o' a t O' is the localization of if[Xij] with respect to 
the maximal ideal 

((aa2 — c)x — (ca± — ba2)y, (— a«i + b)y — (act2 — c)z, {cat — bot2)z — (— aa*i + b)x, um, 

which turns out to be (x + ya\ + za 2 , w) = (w) by using the defining equation of X#. 
Therefore the function w defines a uniformizer in K[Xh]o'- This yields ordo'(?7) = —3 
by using the defining equation of Xh once again. Therefore n must be equal to 3 and 
we find T 1 is a 3-torsion point on X' H by the well-known Abel-Jacobi theorem. □ 

Let t : Xh — * X' H be a translation map over K defined by P i— ► P + O 1 . Then 
r(T) = T' and the composed maps (f) o t \ X'jj — ^ Xjj, t o cj) \ Xjj — ^ 
3-isogenies defined over K since these maps send a base point to a base point. 

The Weil pairing plays an important role for constructing a homomorphism 
from a Mordell-Weil group to a quotient multiplicative group of the ground field. The 
constructed map is compatible with connecting homomorphisms of Galois cohomology 
and can be always described by a rational function fp on Xh if ever the support of the 
divisor of fp is {P, O'} where P ^ O' is some torsion point defined over the ground 
field. As for details, we refer to [TT]. We now apply these to our case. 

By the notation K 9 /F 9 , we shall indicate the cyclic cubic extension K/F or an 
extension K<g/Fp of local fields. The Weil pairing leads to the composed injection 

5' : X' h (K.)/t o jfyK.)) — > H\K„ Xlj^]) £ ^±f' } H l {K„ M3 ) — K*JK? 

which maps an element P to f T ,{P)K? for any P G X' H {K.) \ {€>', T 1 }. Here fr, is 
a rational function on X' H satisfying 

div(/T') = 3(T') — 3(0'), fx 1 ° t o (f> = g^i for some gx 1 G K(Xh)- 

By the Abel-Jacobi theorem, such functions /y/ G if (Xrr), gfy G K(Xh) always exist. 

From Lemma 16.1} since div(r/) = 3(1") — 3(C), there is an element A G K* so 
that fe> = A - 77. Thus the image of the composed map 8' or : Xh{K,)/4>(Xh(K,)) — > 
K*/K* 3 is calculated as 

?ot(P) =?o T (P-0')(^t(-0')) _1 

(6.1) v ; v ; 

= (A-r / (P))(A- ?? (0))- 1 K; 3 

= ^(P)^* 3 for any P G X# (if.) \ {C, T'}. 
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It is easily seen that 5' o r = 5k. by the equality e ro ^(P, T') = eg(P, T) for any 
PeX^[0). 

Though we does not need to clarify the constant A £ if* so far, it will be required 
to prove the proposition below. We next give the description for A. 

Lemma 6.2. XK* 3 = 7 (Xg) 2 if* 3 . 



Proof. From the paper [9], §3, there is a homomorphism 5\y : W(Xh)(K) — > 
K*/K* 3 which sends the point i?(T) = (0, 0) to N^/p^X^)) -1 ^* 3 . Taking ac- 
count of the Weil pairing with r(T) = T', i?(P) = (0, 0) yields ? o r = 5 W o tf. On 
the other hand, 5' o r(T) = $'(T') = 5'(T /CT ) _1 = X-h^T" 7 )' 1 K* 3 . Here we used the 
relation T' +' T' a = O' . Moreover it is directly verified that rj(T ,(7 ) 



7(X g )° 



thus have N K/F (j(X H )) 1 K* 3 = X-^iT'^^K* 3 , namely XK 



*3 _ 7(3Cg) 



7(X H )° 



7 (X H )° 



We 
□ 



Summarizing the above arguments yields the following proposition. 

Proposition 6.3. The rational function r/ £ K(Xh)* in Lemma lo'.il describes the 
map 



?£• : X H (F m )/$(X H (F.)) 

[x, y, z, w] 

O' 

r 



K*/K* 3 

x + yal + za a 2 3 
x + ya± + za 2 

7(3Ch) 



Err. 



7(W ' 

T/iis homomorphism is injective if £3 ^ P. or P. = if. . 



Proof. There is the commutative diagram 



X H (F.)/j(X H (F.)) 



X h {K.)/4>{Xh{K.)) 



P*/P* 3 



K*/K* 3 . 



Here , 5k. are injections and the vertical arrows are natural maps. For any P £ 
X#(P.) \ {C, T'}, we have ?f;(P) = fe.(P) = £ o r(P) = ??(P)K; 3 by (EI]). If 
P = £>' then we can calculate as 5^(0') = (5' o r(-O')) -1 = 5'{0)' 1 = X' l Kf = 

2 

K ? b y Lemma [OJ Similarly, we have ?^'(T') = ^^ a Kf. The remaining 
statement follows from Lemma 17. 11 □ 
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7. Local calculations and some lemmas 

In this section we assemble some lemmas frequently used in the preceding sec- 



tions. 

Lemma 7.1. We denote by K,/F, either K/F or K<g/F p for finite primes ^3/p. 
The natural homomorphism F* / F* 3 — > K*/K* 3 induced by the inclusion F. C K, is 
injective if and only if £3 ^ F. or F. = K m . More precisely, for an extension K,/F, 
the kernel of the natural homomorphism is 



(F* n K* 3 )/F 



{F } if(z?F, 



_ ^3,, ^3 J (-DpFp 3 ) i/C3 e F p and P does not split completely in K, 
v v v ll-Pp } otherwise, 

where D m stands for some element in F* \ F* 3 satisfying K, = F m ( \/D,) . Note that if 
C3 £ Fp / ^en (£> p F p * 3 ) = / Fp (K^) / F p 3 . Further ifp ramifies tamely 

in K then automatically C3 £ F p and (DpF p * 3 ) = (7rF p * 3 ) with some prime element 

TT £ Fp. 

Proof. There is equivalent exact sequences 

► (F*r\Kf)/Ff ► F*/F* 3 ► K*/Kf 



H\K./F.,^ F -' K ^) -U*-> H\F.,n 3 ) H\K.,^). 

Since the degree [F. : F.] must divide 3, the condition (3 ^ F. is equivalent to 

C3 ^ K,. Hence the cohomology group H l (K,/F 9 , /i^ al ^ F *^*^) vanishes when £3 ^ F. 

or p splits completely in K. Otherwise H 1 (K m /F,, ix^^ F 'l K '^) is isomorphic to the 
group Z/3Z. This proves the first assertion. The latter follows from theory of local 
fields and Kummer. □ 

Lemma 7.2. Let K m /F, denote K/F or K<p/F p for finite primes *P/p which does 
not split completely. For an element d £ F* , the following conditions are equivalent. 

o d = a "" 1 /? 3 with some a, (3 £ F"* satisfying N Kt / Ft (a) £ F* 3 . 
od = N^. /F .(/3). 

Proof. Assume the first condition and let Nj^./f. (a) = djj for some do £ F* where 

Gal(F./F.) ~ (a). Then 1 = (a*- 1 ) 1- */? 3 * 1- ^ = r 3 . Here r := ^cPfi 1 -" £ 
Ijlz(K % ) = Hs(F,) since the extension degree [if. : F # ] is equal to 3. We thus have 1 = 
r a _1 = a 1 ~ CT /3~ 3 N is:# / F> (/3), and hence d = ^k./f.(P)- The converse is immediate 
from d = ^k./fM = W l -° 2 Y~ l f3\ □ 

Lemma 7.3. ((Ker N K/F )K* 3 /K* 3 ) G = fx 3 (F)N K/F (K*)K* 3 /K* 3 . 

Proof. Since each element in the right-hand side has a representative of the form 
d = rN K / F ((3) £ F* with r £ ^(F), (3 £ K*, the element d/? -3 G KerN^y^ represents 
an element in the left-hand side. Conversely, let a £ KeiN K / F represent an element 
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in the left-hand side. Then there is an element G K* such that a a 1 = /3 3 , which 
implies ^k/f(P) = 1 horn Lemma 17.21 By using Hilbert's "Satz 90", the element 
is of the form /3q~°" with some 0o G K* an d hence {a^Y = a/? 3 , G F*. Letting 
d := a/3g G F*, we have ci 3 = N^-/^(/3o) 3 - Therefore a = d lies in the right-hand 
side. □ 

Lemma 7.4. For any finite prime p of F which ramifies tamely in K , The image 



of the map 5 F ^ is trivial. Especially lm5 Fp C (7rFp 3 ) for some prime element ir G Fp. 

Proof. Since K<^/F p is a proper extension, there is no F p -rational point on X#n{u> = 
0}. For any point P = [x, y, z, 1] G X#(F p ) it is seen from the equation defining Xh 

2 2 

that ZAp(x + yai + 2:0:2) = v<$\x + yaf + .zaf) = + U a i + za 2 ) = 0> an d 

hence 77(F) = 1 (mod *p) where 77 has defined in Lemma 16,11 Therefore rj(P) lies in 
by Hensel's Lemma, which implies the desired result from Proposition 16.31 and 
Lemma 17.11 □ 

Lemma 7.5. For arbitrary a G K \ F , if a finite prime p of F ramifies tamely in 
K then 3 \ v p (N K/F (a - a a )) . 

Proof. Let X be a cubic surface defined by the polynomial (jl.lj) with the F-basis 
{1, a, a 2 } of K. Consider the elliptic curve Xh/F for the hyperplane H : z = 0. Then 
it is verified that N K/F (-y(X H )) = -5(X) = -N K / F (a - a a ). If 3 | v p (N K/F (-f(X H ))) 
then Im5 Fp = Q F /Q*p by using [9], Theorem 4.1, which is isomorphic to Z/3Z since 
C3 G -Fp when p ramifies tamely. However this contradicts Lemma 17.41 Therefore we 
have the desired result. □ 

Remark 7.6. The statement of Lemma 17.51 seems to separate from the arithmetic 
of elliptic curves. Nevertheless it can be proven via certain elliptic curves. 

Lemma 7.7. Let p be a finite prime of F which ramifies in K . Assume 3 { 
v x>{^k/f{i{^h))) ■ If P ramifies wildly then we also assume 3 splits completely in 
F. ThenIm5 Fp =^K^/F p (K^)/F; 3 . 

Proof. Let ^ be a prime above p. First of all, it is a direct consequence from 
Lemma [4.31 that lm5 Fp * / Fp {Km) / F* 3 . It thus suffices to prove $Im5 Fp = 
[n Kv/ F 9 (K%) : F p * 3 ]. By using the equivalence Gal(^/F p ) ~ F£ /N K ^ /Fp (K%) 
from local class field theory, it turns out that N K ^/ Fp (K^)/F* 3 C F*/F* 3 whose 
group index is equal to 3 because p ramifies in K. Under the assumption, since 
[Fp* : Fp* 3 ] = 9, it must be [N Kep/Fp (K^) : F* 3 ] = 3. Applying [9]. Theorem 4.1 yields 
the required result. □ 

Remark 7.8. Under the assumption of Lemma 17.71 if P ramifies wildly in K then 
the case Vp(N k / f ('j(Xh))) = 1 (mod 3) cannot occur because this implies lra5 Fp = 
Fp/Fp* 3 by [9], Theorem 4.1, which is contradiction. 

Lemma 7.9. Assume F = Q then N il K - (D* K /D$ ) G ~ Z/3Z. 

Proof. First, the inclusion N lt K ^ (D* K K* 3 / K* 3 ) G = (D* K /D*^) G follows from 



[a 



) a 1 = N K /q(a)a 3fJ G K* 3 for any a a 1 G n&k- Since if is a totally real cubic 



field over Q, the unit group is of the form Q* K = (—1, ex, €2) with fundamental units 
ex, £2, and then D* K /D*^ ~ (Z/3Z)® 2 . It suffices to prove that there is some e G D* K so 
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as to be e ^ (D* K /£)*£) G . If this is proven, then e a 1 ^ D*£, N k /q(±€) = 1 and hence 
e <r-i re p resen ts a non-trivial element in nUk because (e CT_1 ) CT_1 = N K /Q(e)e~ 3a G D|^. 



(r, s, r', s') 



Thus the lemma follows. The units ef, e| can be written by the form ie^e^, ±e x e| 
with integers r, s, r', s' G Z, respectively. Then the equalities ef = ei, = £2 cause 
the following equations for r, s, r', s'. 

r(r 2 + r's) + sr'(r + s') = 1, s(r 2 + r's) + ss'(r + s') = 0, 

rr'ir + s') + r'(r's + s' 2 ) = 0, sr'(r + a') + s'(r's + s' 2 ) = 1. 

From this we obtain 

'(r,-^±i, r', -1-r) if ss' + 0, 
(-1, ±1, -s, 0) if s / and s' = 0, 

[(1,0,0,1) ifs = 0. 

However the last case s = is impossible since ei, 62 G K \ F. Let e := ei if 3 \ s, 
while e := £2 if 3 I s. Then e is the required element as follows. Assume 3 \ s then 
e^ 1 ^ Oft. When 3 | s and s / 0, it must be r = 1 (mod 3) and hence 9 \ r 2 + r + 1. 
This implies 3 f r' because sGZ. We thus have ef -1 ^ O*^. □ 

Lemma 7.10. Lei F be a number field of class number 1 in which 3 s^iis com- 
pletely. For a cyclic cubic extension K/F , let {1, a, a 2 } be a F-basis of K that X 
is defined by the polynomial ([l.ip with. Here a G K denotes a root of the generic 
polynomial Q(x;t) in £J3 for some t G F. Let H be the hyperplane z = 0. Assume 
5(g) <£ F* 3 for each p | 3. Then 

Z/3Z ^ X H (F)/4>(X^(F)), (Z/3Z)® 2 ^ 1 H (F)/3X H (F). 
Especially rank^X h(F) > 1 from the formula (|4.ip . 

Proof. By Remark 14.21 the group jCh(F)/4>(Xh(F)} contains Z/3Z as subgroup. 
It suffices to show that jCh(F)/4>(jCh(F)) also contains Z/3Z. Then the statement 
follows from the formula X H (F)/3X H {F) ~ X H (F)/i£(X^(F)) ©I^(F)/^(l ff (F)) 
in §01 In the paper [9], §3, there is a homomorphism 5w : W(Xif)(F) — > F*/F* 3 
which sends the 3-torsion point (0, 0) to N K/F (j(X H ))~ 1 F* 3 = ^(g)" 1 ^* 3 . We can 
easily verify the relation 6f = Sy^oi} by ${T) = (0, 0). Hence the subgroup generated 
by o~f(T) is equal to (5(g)F* 3 ). Since there is no proper unramified extension over F, 
5(q) has at least one prime divisor p satisfying 3 \ ^p(5(g)) from Corollary 18.21 Thus 

5(q) is not a perfect cube in F. This implies T G Xh{F)/(J)(Xh(F)) is a non-trivial 
element. Therefore the proof is now ended. □ 



8. A generic polynomial for cyclic cubic extensions 

For an explicit or systematic calculation, the notion of generic polynomials are 
often useful. Generic polynomial is a polynomial which parameterizes all Galois ex- 
tensions with a Galois group isomorphic to some fixed finite group G. The existence 
of generic polynomials for a given finite group G is unsolved problem. But it is known 
in the case G is cyclic of order 3. 



2^ 
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Z/3Z over a number field F used 



A generic polynomial for the cyclic group C3 
in the paper is 

g(x;t) := x 3 + tx 2 - (t + 3)x + 1 (t € F) 
whose discriminant is (t 2 + 3t + 9) 2 . Let 5(g) := t 2 + 3t + 9. If a is a root of g 
then -r^— , 1 — — are all the other roots. When a does not lie in F, the extension 
K := F(a)/F is always cyclic cubic. Then 5(g) is also written as 

1 a ~ 2 
1 a° a 



5(g) = ± 



Q:' 
2ct 



1 



ft 



ft 



2<7 L 



±N K/F (a-a°)). 



Here Gal(-PC/-F) = (a) ~ C3 and the sign ± depends on the choice of a generator cr. 
From the property, for arbitrary cyclic cubic extension K over i 7 , there is some t £ F 
so that the minimal splitting field of g(x;t) £ F[x] is exactly K. 

As for the conductor of a cyclic cubic extension K/F, we have the following 
proposition. 



Proposition 8.1. 

the p- conductor f p = 

u p (5(g)) <0 



Assume 3 spZiis completely in F. For any finite prime p of F, 
of the cubic extension K/F is given by the following chart. 

n p = 0, 



3K(%)) 




if 5(g) iFf, 

if 5(g) e^p* 3 - 

Proof. The proof for the case Vp(5(g)) > 0, but except for the case 3 | Vp(5(g)) > 
with p I 3, can be done essentially by the same way as Washington's one in p3], which 
is hence omitted. We assume —v := z/ p (5(g)) < and let vr be a prime element in 
Fp. Then the polynomial 7r 3v g(-7r~ v x; t) has integral coefficients and the polynomial 
modulo 7r has a simple root. Therefore the root lifts to some a € 0f p such that 
-k 3v g(-K~ v a; t) = by Hensel's lemma. It thus turns out that all the roots of g(x; t) 
are {^n~ v a, 1 _ 7r 1 _ ra , 1 — w -v a } C Fp. This implies that p splits completely. Finally 
in the case 3 | Vp(S(g)} > with p | 3, we must show that p ramifies wildly if 
and only if 5(g) G Fp 3 . First, t must be of the form 9t' + 3 with some tf £ Df p 
by 3 I z; p (e)(0)) > 0. If 5(g) £ F* 3 then t' = 1 (mod 3) and hence the polynomial 
3~ 3 g(3x — has coefficients in £>f p and discriminant not divisible by p. Therefore 
p is unramified in K. If 5(g) G Fp 3 then t' ^ 1 (mod 3) and hence the polynomial 

(2t+3)<5(g) fl(§ — I'*) ^ urns ou * to be an Eisenstein polynomial for p. Thus p ramifies 
in K. It is a fact that ra p < 2 for any p when 3 is unramified in F. Therefore np is 
equal to either 1 or 2 according to p ramifies tamely or wildly, respectively. □ 



The following is immediate from the above proposition. 

Corollary 8.2. Assume 3 splits completely in F and 5(g) ^ Fp 3 for each p \ 3. 
Then a finite prime p of F ramifies in K if and only if '3 f Vp(5(g)j > 0. 
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